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ABSTRACT
Current measurements obtained from eight deep-ocean moorings
at different locations in the North Atlantic Ocean were subjected
to preliminary analysis. Periodic motions appeared to exist in the
data. The statistical significance of these periodicities, and
hence their physical reality was studied on the basis of expectancy
test and periodogram analysis.
A lunar semi-diurnal tidal motion was clearly indicated in most
cases. Its amplitude was larger at shallower levels and diminished at
deeper levels, but still existed above the noise level at depths as
great as 700 meters. At the deeper levels, "inertial-diurnal" motion
appears to be predominant.
The analyses showed that the amplitude and the phase of the ob-
served tidal currents are changing with time and depth. The time
variations are not seasonal, but far more rapid fluctuations.
The ordinary barotropic tides do not exhibit any of these
variations. Therefore there must be some other type of mechanism
generating these variations. Various possible mechanisms are dis-
cussed, in terms of interval waves.
Thesis Supervisor: Professor Hency M. Stommel
Title: Professor of Oceanography
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INTRODUCTION
(a) Historical Introduction
The study of oceanic currents has been a matter of great interest to
oceanographers for many years. Knowledge of the ocean currents is of prac-
tical and theoretical importance and is basic for our understanding of the
oceanic environment.
Various direct and indirect methods of measuring currents have been
developed. The question of validity of the assumptions on which the indirect
methods are based makes the direct methods more desirable.
Current meters have been widely used for direct measurements of currents
since EKMAN in 1905. The current meter is usually suspended from an anchored
ship for a period of days. Avoiding the ship movements and fixing the point
of measurement in the oceanic space are the two major problems of measuring
currents in deep water.
A new technique has been recently developed in which a set of current
meters are suspended from a moored surface or subsurface buoy which can be
left in the ocean as long as four months. These moored buoy systems have
been used extensively since 1961. Current meters used are of the self record-
ing type. Records obtained have been quite good and the system promises to
be a powerful tool in measuring currents. Reference is made to a paper by
Richardson, et. al., (1963) in which a general description of the mooring
technique and instruments is given.
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(b) Material of the Study
The material of this study was collected from eight moorings which
have been set up by the Woods Hole Oceanographic Institution (WHOI) at
different locations in the North Atlantic Ocean. From five of these
moorings, current records are available at two levels of the station a
few hundred meters apart. From the other three, records at only one level
are available. Figure (1) shows the locations of the stations and table (1)
gives some pertinent information about the data.
The data was available in the form of time series of current speed
and direction measured at constant intervals of time and recorded on magnetic
tapes for computer analysis.
(c) Previous Study
In a previous research, the author (GERGES, 1966) studied vector dis-
placement diagram for some of the data considered here. A vector displace-
ment diagram describes the path through which a parcel of water moves if it
moved with the velocity recorded by the current meter. Each point of the
diagram is determined by multiplying the corresponding velocity by the time
elapsed since the previous point, and adding the resultant vector displace-
ment to the sum of the previous displacements. In this manner a series of
positions is obtained, which begins at point zero and has a resemblance to
the path of a particle trajectory. Some of these diagrams show periodic
motions of semi-diurnal period (Fig. 2). Other diagrams indicate inertial
motion (Fig. 3), while some others show peculiar displacements which have
not yet been explained. In most of the diagrams and in results of spectral
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LOCATIONS OF THE STATIONS FROM WHICH THE OBSERVATIONS WERE TAKEN
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VECTOR DISPLACEMENT DIAGRAM OF RECORDS FROM CURRENT METER
1442 AT 30 M. DEPTH AT STATION 144 , SHOWING SEMI-DIURNAL PERIODS
I
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FIGURE (3)
VECTOR DISPLACEMENT DIAGRAM OF RECORDS FROM STATION 166 . THE CURRENT
METER WAS AT 617 M DEPTH , SHOWING INERTIAL PERIOD OF ABOUT 24 HOURS.
TABLE (1)
Station Position Station Current Depth Duration of
No. Lat. N Long W Depth Meter No. (m) the Mooring
(m)
101 28 07 65 02 5250 1011 50 Sep. 30, 1962 - Jan. 27, 1963 4 Months
1012 100
108 78 25 73 08 375 1082 150 July 28, - July 30, 1963 3 Days
144 41 41.6 69 46.4 50 1442 30 Jan. 7, - Jan. 12, 1964 5 Days
163 23 42 67 50 5700 1631 192 July 21, - July 26, 1964 5 Days
1632 692
164 23 50.5 67 49 5790 1641 192 July 21, - July 26, 1964 5 Days
1642 692
166 29 11.3 68 21 5200 1661 55 July 28, - August 4, 1964 7 Days
1663 617
184 39 20.00 70 00 2600 1841 120 June 24, - August 8, 1965 2 Months
1842 522
179 39 20.7 69 58.9 2580 1791 64 Feb. 28, - March 24, 1965 25 Days
Station 108 is located in the Kane Basin between Greenland and Ellesmere Island.
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analysis applied to other series by WEBSTER (1963), periodic motions with
semi-diurnal period were clearly indicated. So, it was assumed that the
data under investigation contain periodic variations of a lunar semi-diurnal
tidal period (12.42 hrs). This led the author to carry out some harmonic
and statistical analysis in which he obtained the semi-diurnal tidal component
of current, estimated its amplitude and phase and their statistical signif-
icance, and calculated the kinetic energy percentage due to the tidal compo-
nent obtained.
(d) Purpose of the present study
In the previous study it was concluded that part of the tidal motion
was internal. This finding is here investigated further making use of hydro-
graphic data at some of the stations.
Questions remain concerning the constancy of the amplitudes and phases
of the tidal currents. Are they constant or do they vary? If they are vari-
ables, what is the dependence upon depth, season, and time?
More adequate data was employed in this study to investigate these
questions. The new data was obtained from a long-term buoy station known
as station "D".
This thesis is presented in two sections. The first includes the methods
of analyses used in the author's previous study. It also includes the main
results and conclusions obtained from that study. The second presents further
analysis and some new results and conclusions. The methods of analyses employed
in either section are all standard statistical procedures. They will be, how-
ever, described briefly in order to demonstrate specifically how they were used
in our study.
SECTION (I)
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HARMONIC ANALYSIS
Definitions and Principles
The type of analysis most commonly applied to the periodic variations
of the meteorological or geophysical parameters is "Harmonic Analysis" since
it helps in the physical understanding of the regular fluctuations.
Harmonic analysis is a process by which an observed phenomena such as
tide or current at any place is separated into elementary harmonic components.
These components are called "constituents" of the phenomena. Each constituent
represents a periodic change of a particular period.
According to mathematical principles, any function which is given at
every point in an interval can be represented by an infinite series of sine
and cosine functions. This series is called a "Fourier series" and the method
of finding the function, "Fourier analysis."
In the case of meteorological and geophysical data, observations exist
only at discrete points, not continuously. Thus, only a finite number of
points exist in the interval to be analyzed, and hence a finite number of
sines and cosines will be obtained which will be able to account for the
observations. The determination of a finite sum of sine and cosine terms is
called "harmonic analysis".
Different harmonics with different periods are isolated so that each
can be treated as an independent entity. Although each harmonic does not
necessarily have a distinct meaning, each may have a different physical
cause.
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Theory and Formulae
Let X be a periodic variate of the time with period P, given at N
points in an interval of time. Then, the variate X can be represented by
a finite time series given by
21T 2T a 2r 27S= +asin ) + b cos + a sin (2t) + b 2 cos (2t) +.....
27 N 2 N
...... + a/ 2 sin ( t)+ b cos t) +........
which can be written in the form:
N/2 2 r
X = X + J a sin (_nt) + b cos ( nt) (1)
n=l
in which:
t is the independent variable, for instance the time,
Xis the mean value of the variate X, X- , andN
n is called the "number or order of the harmonic" which is an
integer between 1 and N/2.
In other words, the time series equals the mean plus the sum of all
N/2 harmonics.
Equation (1) can be rewritten in the form:
N/2
X = X + (a sinc t + b cosm t) (2)
n=l
where:
2 can be defined as the "speed" or the increment in angle per
aon = can be defined as the "speed" or the increment in angle per
-10-
th
unit of time (angular velocity) of the n harmonic and has the units of
radians per hours.
Harmonic analysis starts with finding the harmonic Fourier coeffi-
cients "a " and "b " in the series above. The formulae for these coeffi-
n n
cients are:
a =2 (X sin w t)
n N t n
(3)
b = 2 (X cos W t)
n Nt n
It is more convenient to combine the sines and cosines of equation
th(2) belonging to the same n harmonic into a single term: A sin (n t + 0 )
n n
giving:
X = X + A sin (w t + 0 ) (4)
n n n
in which:
A = a + b , (5)
n n n
and
0 = arctan (b /a )
n n
th
A is called the amplitude and 0 the phase of the n harmonic.
n n
-11-
HARMONIC ANALYSIS APPLIED TO THE CURRENT MEASUREMENTS
The currents in an open ocean are a combination between several com-
ponents of motion. Some components are periodic, and some are aperiodic.
These different components combine and interact to give the observed current
as a resultant.
The current data usually is given as current speed and direction at
constant intervals of time over a period of days or months.
The usual method of analysis is to start by plotting the observations
of speed and direction against time, when any gross errors in the observa-
tions may be detected and corrected (if possible), and some degree of smooth-
ing introduced in drawing curves through the observed points. From the
curves, hourly values of speed and direction may be read off and converted
into northerly and easterly components which are then available for further
analysis.
The next stage is to carry out harmonic analysis for the periodic
constituents of such period as one expects to find in the observations,
usually the lunar semidiurnal and diurnal periods in any case. Other periods
may suggest themselves from the course of the curves. The inertial period
is another period which may occur.
HAURWITZ (1953) pointed out that to be able to assert the significance
of an oscillation of a particular period, and to derive reliable values for
its amplitude and phase, the observations should extend over a number of
complete periods.
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As a result of the harmonic analysis, amplitude and phase of the north-
erly and easterly components of a constituent are obtained. It is convenient
to combine them to give the ellipse traced by the current due to this constit-
uent. The ellipse is defined by the amplitude of its major and minor axes,
the direction of the major axis, the direction of rotation and the phase.
After harmonic analysis for the periodic constituents have been carried
out, the current due to these constituents may be reconstructed for each hour
and subtracted from the original values, leaving a residual current. This
residual will represent the original current minus the subtracted components.
the residual curves can then be drawn and studied for other periodic or
aperiodic variations. If periodic variations exist, how can this expected
periodicity be interpreted? If the variations are irregular or non-periodic.
how they can be explained in terms of the oceanic environment? All these are
points of interest in studying current measurements.
Comparison between the amplitudes and phases, the ellipses traced, and
the residual curves at one location and the other or at different depths at
the same location will also be interesting.
THE STATISTICAL SIGNIFICANCE OF THE ANALYSES
(1) Reality of the Computed Amplitudes
Obtaining the amplitude and the phase for a particular harmonic con-
stituent of a set of data which is suspected of showing the period of this
constituent, say, the semi-diurnal tidal constituent, is not, however, the
final step of the analysis.
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The method of harmonic analysis gives both amplitude and phase, but
it does not prove anything about the reality of the suspected periods. It
is always possible to represent any set of data by a series of terms of the
form given in equation (2) or its alternate form (4). Even a set of random
numbers can be represented by a harmonic series. So, if - for instance - any
of the tidal components is considered, we cannot assume that the amplitudes
and phase constants determined by harmonic analysis are really due to the
effects of tidal action. These effects may be so small that they are
completely overshadowed by random variations so that the results of the
harmonic analysis represent merely the effects of random variations. It is
also a well-known fact that the tidal forces are acting continuously, so it
is likely that the oceanographic parameters show variations with the tidal
periods because of this continued action. On the other hand, the effects of
the tidal action may be completely obscured by other influences. For all
these reasons, one cannot ascertain the reality of the results unless a
statistical test is applied to these results to evaluate the significance
of the computed amplitudes. This test is provided by the expectancy method.
The Expectancy Method
The harmonic coefficients of the nth harmonic "a " and "b " are tested
n n
by this method to evaluate the significance of the computed amplitude of the
2 2 2
harmonic component given by A = a + bn n n
The expectancy is a measure for the amplitude (A ) to be expected in
random data. Reference for the details of the method can be made to (some
statistical book by CHAPMAN and BARTELS (1940), STUMPFF (1940) CONRAD and
POLLAX (1950).
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The expectancy "E" can be determined in the following procedure:
The end points of the time series t1 and tO are to be chosen such
that the whole interval of the series to be analyzed (tl-t 0 ) be an integral
multiple of the period "T": which is being studied, i.e.,
t-t 0 = S.T
This total interval (t 1 -t 0 ) is now subdivided into equal parts each
of which is either equal to the period "T": or to a multiple of "T". The
harmonic coefficients a and bi are then determined separately for each
n n
partial interval of which there may be r, say, where r s. Let
i2 i 2 i2
(A = (a )2 + (bi ; i = 1,2,...,,r
n n n
be the amplitude for each partial interval. The determination of the different
(Ai)'s is based on a set of data which with the exception of the last points
n
of one partial interval and the first points of the next interval are far
enough apart so that the effect of any autocorrelation in the data is at least
greatly reduced. Therefore, it can be assumed that the (A ) determined forn
the different partial intervals would in the absence of the suspected period-
icity behave like random numbers and scatter around a mean.
i i
The harmonic coefficients a and b can be considered as the componentsn n
of a vector which may be plotted in a coordinate system with "a ", abscissan
and "b " ordinate. This representation is the well-known harmonic dial.
n
The quadratic mean value of the lengths of the vectors which represent
the harmonic coefficients (a , bi) of the individual partial intervals is
called the exp ctancy of these individual vectors.
called the expectancy of these individual vectors.
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2 r
e2 = (Ai)2/r
n
i=l
It is convenient to introduce the expectancy "E" for the distance of
the center of gravity of the cloud of r points (ai, b ) from origin.
n n
r
E2 e 1 (Ai )2 (6)
r 2 nr i=1
The distance of the center of gravity of the point cloud from the origin is
given by:
r r
-2 1 1 2 i2
A = (  a) + ( b )  (7)
r i= i=
which determines the actual mean of the amplitude A . The probability that:
n
An = k.E (8)
-kis: p = e (9)
for random data. Hence, if the probability "p" is small it can be concluded
that the computed mean amplitude is not likely to appear in random data; in
other words it is likely that A is statistically and hence physically signif-
icant. On the other hand, if "p" is large, then it is highly probable that
the data are randomly distributed, and that the computed amplitudes are not
significant.
(2) Some Statistical Analysis
Some other statistical information can be obtained from a time series
of current measurements. Using the elementary formulae of statistics, one
can obtain the mean velocity of the east and north components of current,
the standard deviation from the mean, and the variance.
a. The Mean Velocity:
If the variate X represents the east component of the current, then
-16-
the mean velocity of this component will be given by:
= ~x
-I- (10)
where N is the number of observations.
Similarly, the mean velocity of the north component will be given
by:
- Y
Y = N
b. The Standard Deviation
The standard deviation measures the degree of variability or
"dispersion" of a variate.
If N is the number of observations of the variate X, then the standard
deviation of this variate is defined by the expression:
X 2 1/2
N = ( 2)-(%) (11)
where X is the mean obtained in a.
c. The Variance:
It is defined as the square of the standard deviation. So, for a
variate X the variance is given by:
Var = (il) - (X)2 (12)
It is an important average associated with any series of data. In
statistics, the variance is a measure of the spread or dispersion of the
-17-
distribution function with reference to the mean. The greater the spread
of statistical data, the greater is the variance.
The variance may give some physical meaning. It is used in the cal-
culation of the kinetic energy due to all fluctuations in the ocean.
CALCULATION OF THE KINETIC ENERGY
(1) Average Kinetic of all Fluctuations
If:
-2
Var (E) = (X2 ) - ()2 is the variance of the current data in the
East direction
22
Var (N) = (Y ) - () 2 is the variance of the current data in the
North direction
Then, it can be shown that the K.E. due to all fluctuations in the current
is given by:
1 (Var (E)+ Var (N))
2
(13)
(2) Kinetic Energy of a Harmonic Component
If the East and North components of a periodic (Harmonic) component
of period "T" are given by:
U = a Sin ct + b Cos at
E E
(14)
V = aN Sin cot + bN Cos Wt
27
where ~ T - is the angular speed of the motion, then the average K.E.
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of such a periodic motion is given by the formula:
T
K.E. = 1 1 (U2 + V2) dt (15)
T 2
substituting for U and V from equation (14) and for the period "T" of a
particular component, say, the semi-diurnal tidal component, for example,
then the average K.E. due to this tidal component is given by:
1 2 2 2 2
K.E. = + b N b
1 2 2
i.e. K.E. = 4 (AE + AN ) (16)
2 2 2 2 2 2
where A = a + bE and = aN + b
E E E a
are the square of the amplitudes of the component in the East and North
directions respectively.
This is one of the interesting and important estimations we can make
using just the Fourier coefficients which are available as a result of the
harmonic analysis.
From equations (13) and (16), we can calculate the percentage K.E.
due to the tidal component of the current or any other computed harmonic
of a definite period.
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THE USE OF THE COMPUTER IN THE ANALYSES
The harmonic analysis was widely used for hand analysis since DARWIN
(1907) and DOODSON (1928) who used it for the analysis of tidal heights.
Although hand calculations can give us satisfactory results to some extent,
yet there remains an important element which is the time. The use of the
modern electronic computers can decrease the labor and reduce the time-factor
to a great extent. Presented here are two simple computer programs written
for the purpose of this study to be used on the electronic digital computer
(General Electric - 225) available at the Information Processing Center of
WHOI.
The first program is for the harmonic analysis. In which, the east
and north components of the current are firstly obtained. The Fourier co-
efficients are then computed and the amplitude and phase of each component
are calculated for the particular harmonic wanted. It also calculates the
speed of the computed harmonic, the east and north mean velocities, and
counts the number of data cycles processed. Control cards were used to
determine some parameters, e.g., the period of the harmonic component for
which the analysis is carried, the time between observations, the first and
last data records to be processed to determine the end points of the analysed
data. These end points are properly chosen such that: (a) the whole analysis
interval be a multiple of the period under investigation, and (b) the measure-
ments that were taken during the first few hours of the mooring be excluded
from the analysed data, simply by skipping them. These measurements do not
give the actual speed and direction of the current because the mooring is
-20-
being set during that period. Omitting such readings from the observations
will eliminate some of the observational errors which would greatly affect
the results if they were considered.
The second program is for the statistical analysis described before.
In addition to the Fourier coefficients, the amplitudes, and the phases, it
computes the standard deviations of the east and north components, and the
variances. It also calculates the average kinetic energy of all fluctua-
tions and the average kinetic energy of the computed harmonic.
With these output results, the original east and north components of
current, the harmonic velocity components, and the residual current velocities
were obtained. They were printed on sheets by the high-speed printer unit
of the computer.
-21-
RESULTS AND DISCUSSION
(1) Results of the Harmonic Analysis
Since the semi-diurnal tidal period seemed to exist in most of the
data series studied, the harmonic analysis was carried out for this partic-
ular period (12.42 hours). Results obtained are summarized in table (2)
which shows the following:
(a) The amplitude decreases with depth in all cases except one, namely
at station 108.
(b) The amplitudes varied in magnitude between 0.56 and 12.32 cm/sec.
The largest amplitude obtained is at station 144 at 30 meter depth. This
could be explained as due to the shallowness of that station (50 meters)
compared to the other stations.
Figures (4) and (5) represent the east and north components of orig-
inal data, the semi-diurnal tidal components, and the residual currents of
station 163 (current meter 1631) and show the following:
(a) The maxima of the sine waves representing the tidal components coin-
cide with most of the peaks of the original data.
(b) The residual curves show peaks at average periods which are approx-
imately equal to the diurnal tidal period.
(2) The Tidal Ellipses
The next step which follows the harmonic analysis is to draw the tidal
ellipses by plotting the east component of the tidal velocity as abscissa
against the north component as ordinate. These ellipses show the path
described by the fluid particles during a complete tidal period. An ellipse
-22-
Table (2)
Station C.M. Depth Amplitude Phase
No. Film No. (m) E N E N
(mm/sec.)
6.87 5.26
5.64 7.63
90.88 77.74
96.68 84.56
123.26 197.94
21.20 21.24
5.81 1.61
15.79 23.72
9.16 4.40
9.54 11.52
6.16 6.82
(Degrees)
281.8 176.3
312,3 194.4
184.7 16.7
178.0 309.2
44.6 0.2
353.5 106.3
132.6 297.8
207.9 216.6
221.9 247.3
309.1 49.0
288.6 99.3
101
108
144
163
164
166
1011
1012
1081
1082
1442
1631
1632
1641
1642
1661
1663
50
100
50
150
30
192
692
192
692
55
617
L I & I.
'~
N 100
154
5/ \ I \ / /
\ I / \ / \ \ / \ /
EAST CO
0
100
50
O -, -, ,-,. N,N /-, - , - ,Q%) \ / \ \//
-50
NORTH CO,
0 10 20 30 40 50 60 70 80 90 100
TIME (hrs)
FIGURE (4)
EAST AND NORTH COMPONENTS OF THE SEMI-DIURNAL TIDE REPRESENTED BY THE SINE CURVE AND COMPARED
TO THE ORIGINAL DATA OBTAINED FROM MOORING AT STATION 163 AT DEPTH 192 M ( CURRENT METER 1631)
RESIDUALS
TIME (hrs.
FIGURE (5)
EAST AND NORTH RESIDUALS OF CURRENT AFTER SUBTRACTING THE SEMI-DIURNAL TIDAL COMPONENTS FROM
THE ORIGINAL DATA OF C.M. 1631
-25-
is completely defined by its major and minor axes, the direction of the major
axis, and the direction in which the ellipse is described. The ratio between
the minor and major axes of a tidal ellipse defines an important term, that is
the "ellipticity" (S) on which depends the velocity of any tidal wave.
Ellipses of tidal current were drawn for all stations and depths.
Figures (6), (7), and (8) show some of them. From the ellipses obtained it
was found that:
(a) Each ellipse is described once every 12.42 hours (by hypothesis)
(b) At all stations the average semi-diurnal current between the upper
and lower levels of observation showed a rotation of the current vector.
The direction of rotation is "cum sole" (clockwise) which is by far the
most common direction of rotation in the Northern Hemisphere (SVERDRUP).
(c) The ellipses become narrower with increasing depth. This was found
at all stations where measurements from two levels are available.
The above results are in good agreement with DEFANT's results (DEFANT, 1961 -
Physical Oceanography - Vol. 2, p. 332).
(d) In nine cases of ten, the ellipses were described in the clockwise
direction. Station 144 was the only exception where the ellipse was described
counterclockwise. This might be explained as an effect of the coastal bound-
aries since that station is relatively closer to the coast than any of the
other stations.
The minor and major axes of each ellipse were measured, the ratio
between them (S) was calculated to obtain the ellipticities. There is
another way, however, to calculate the ellipticity from the harmonic
Fourier coefficients directly without drawing the ellipses. This is provided
TIDAL ELLIPSES; ST. # 101
N
1 2 3 4
I -+- E
7 8
--- o0/1 (50 M)
-- 1012 (0 M)
E: East Harmonic Component of
the Semi-diurnal Tide Velocity.
N: North Component. ( BOTH IN MM/SEC)
FIGURE (6) : TIDAL ELLIPSES OF STATION 101 AT DEPTHS 50 AND 100 METERS.
-7 \-6 -2 -1
TIDAL ELLIPSE; ST. #108
N (MM/SEC)
: TIDAL ELLIPSES OF STATION 108 AT DEPTH 150 METERS.
E (MM/SEC)
FIGURE (7)
TIDAL ELLIPSES;
N (MM/SEC)
-
-12 -10' \-8 -6
12
10
8
6
2 4
-- - 1661 (55M)
1663(617 M)
-10
-12
FIGURE (8) : TIDAL ELLIPSES OF STATION 166 AT DEPTHS 55 AND 617 METERS.
10 12
E (MM/SEC)
ST. # 166
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by a method called "Elliptical Representation of Tidal Streams" in which
the coefficients are combined to express the tidal current in the ellip-
tical form. It is essentially the same as the graphical method and gives
the same results but easier to use.
The formulae of the method are mentioned here, and reference for
the method can be made to the Admiralty Manual of Tides by DOODSON and
WARBURG (1941).
Let the east and north components of a tidal current be denoted by:
aE sin wt + bE cos wt
a sin wt + b cos ctN N
where "co" is the angular speed of the tide, and "t" is the time taken from
any assigned origin. aE, b ; a., and bN are the Fourier coefficients of
the east and north components.
The square of the velocity of the tidal current at any moment is
given by:
W 2 = (a sin ot + b cos t)2 + (a sin Cat + b cos Wt)
E E N N
= C cos2 wt + D sin 2 wt + 2E sin wt cos wt (17)
2 2
where: C = bE + bN
2 2
D= aE + aN
E = ab + a bN
EE N
Equation (17) can be written as:
2
W = F cos 2wt + E sin 2wt + G (18)
-30-
with:
1
F = - (C-D)
2
1
G = - (C+D)
and (18) can be rewritten as:
W = G + H cos 2(t -a) (19)
where
H cos ( = F , H sin c = E
i.e.,
2 2 2
H = E + F and tan o( = E/F
Clearly, the velocity has:
1/2
Maximum value : W1 = G + H when at = ix1/2 1o
and Maximum value: W = G - H 1/2 t = + 900 (20)
Since W1 and W2 represent the maximum and minimum values of the tidal velo-
city, therefore they correspond to the major and minor axes of the tidal
ellipse respectively. W and W can be calculated by direct substitution1 2
for the Fourier coefficients (obtained from the harmonic analysis) in the
above formulae.
The Ellipticity and Tidal Wave Velocity
From a theoretical study on tides and tidal currents, SVERDRUP (1927)
considered the boundary conditions in an open sea and gave a solution for
the velocity components of an external tide wave in the form:
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u = 2 ' no cos (at - X) (21)
1-S
2
v = ( ( ). sin (t - X) (22)
h 2 C
1-S
where:
= no cos (at - -X)
c
is the vertical displacement of the sea surface. The fluid particles moving
according to these equations describe an ellipse. The direction of maximum
velocity of tidal current (major axis of the current ellipse) coincides with
the direction of progress of the waves and is reached when the wave reaches
its maximum height. The ratio between the axes of the ellipse, i.e., the
ratio between the minimum and maximum velocity is:
S = f/a (23)
where f and a are the inertial and tidal angular frequencies respectively.
The velocity of propagation of the wave is then given by:
c = (gh) ( 2 ) (24)
1-S
where h is the depth.
It should be emphasized also that according to theory, the tidal
current (current due to external tide) should have the same amplitude from
the surface downwards, with the exception of frictional effects in a layer
adjacent to the bottom. And in an infinite ocean, the tidal current vector
should describe an ellipse in the cum sole direction in the northern hemi-
sphere. The ratio of the minor to the major axis of this ellipse being
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given by equation (23). The values of "S" obtained by this equation will
be called the "theoretical ellipticity" to be distinguished from and
compared to the "computed ellipticity" obtained from the analysis.
Table (3) includes both computed ellipticities and the theoretical
values of ellipticity for a progressive Sverdrup wave of tidal period.
The computed ellipticities presented in the table are obtained by the
method of elliptical representation which agreed very well with the values
obtained from the drawn ellipses. The comparison between computed and
theoretical values led to the most important conclusion of this analysis.
Table (3)
Station C.M. Depth Tidal Velocity Computed Ellipt. Theoretical
No. Film No. (m) Max(wl) Min(w2) Minor/Major Vel. Ellipticity
(W2 /W1)
101 1011 50 7.16 4.82 0.67 0.49
1012 100 8.31 4.57 0.55
108 1082 150 117.25 52.50 0.45 0.99
144 1442 30 219.89 77.58 0.35 0.69
163 1631 192 25.00 16.61 0.66 0.41
1632 692 6.31 1.60 0.25
164 1641 192 28.42 1.98 0.07 0.42
1642 692 10.01 1.73 0.17
166 1661 55 11.80 9.00 0.76 0.50
1663 617 12.85 3.43 0.27
(*) In mm/sec.
It is noticed that the computed values of the ellipticity do not agree in
any case with the assumed theoretical values of the Sverdrup tidal wave.
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This fact in addition to the fact that the amplitudes at one station are
not the same at different depths but rather decrease with depth, led to
the conclusion that the tidal components obtained by the analysis are not
mainly due to external tide since they do not satisfy the necessary condi-
tions of the external tide suggested by Sverdrup. Hence, the tidal consti-
tuents present in the analysed data could be due to INTERNAL TIDES, i.e.,
internal waves of tidal period, or due to a mixture of internal and
external tide.
(3) Results of the Expectancy Method
The expectancy method was applied to the results of the harmonic
analysis to show whether the computed amplitudes are really due to the
tidal effects or not, i.e., to test the reality of the computed amplitudes.
Each series of the data was subdivided into partial intervals, each
of which consisting of either one or more consecutive semi-diurnal tidal
periods, i.e., each interval is a series of measurements for a period of
time equal to (or practically very close to) the semi-diurnal tidal period
(12.42 hours) or a multiple of this period.
Using the computer program of the harmonic analysis, the end points
of these partial intervals were determined properly, and the coefficients
a and b were computed individually for each interval. With the aid of
n n
these coefficients, the expectancy "E" and the mean amplitude (A ) were
n
computed according to equations (6) and (7). These quantities, their ratio
(k) and the probability (p) that the computed amplitudes are due to random
variations in the data are given in table (4) which also shows the whole
Table (4)
Station C.M. Film Depth No. of Tidal No. of Expectancy(E) Mean Ampl. (An) Ratio k = An/E Prob. of Randomness
No. No. (m) periods Intervals(r) E N E N E N E N
6.45 5.14
3.97 '4.1
41.37
50.61 77.46
10.48 15.99
6.52 5.51
12.97 11.86
101
108
144
163
164
166
1011
1012
1082
1442
1631
1632
1641
1642
1661
1663
50
100
150
30
192
692
192
692
55
617
7.42 8.23
5.56 7.19
90.7 81.13
83.66 150.02
17.32
8.38
14.59
2.44
162
162
5
7
7
4
8
7
6
1 _I I I I 4
1.14 1.60
1.40 1.75
2.01 1.96
1.65 1.93
1.65 0.91
1.28 0.43
0.52
0.51
1.28
0.28
1.08 1.92
1.15 1.26
0.27
0.14
0.02
0.06
0.06
0.19
0.76
0.77
0.31
0.27
0.08
0.04
0.02
0.02
0.44
0.83
0.19
0.92
0.02
0.20
9.55
45.20
10.9 12.51
6.92
6.71 15.19
4.17 2.67
11.80 24.07
8.85 8.75
8.13
7.71
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number of semi-diurnal periods that exist in each series of the data and
the number of partial intervals (r) into which each series was subdivided.
The conclusions to be gained from the results of this test are as
follows:
(a) Station 101:
Showed some confidence in the existence of the internal semi-
diurnal tide at the deeper level (150 meters). The probability of random-
ness at that level is quite small and exactly half the probability at the
upper level (50 meters).
It was also noticed that the east components have larger prob-
ability of randomness than the north components. This can be explained as
due to the difference between the east and north mean amplitudes (A ) while
there is no corresponding difference in the expectancy (E), so that the
ratios k = (A /E) and hence the probabilities (p) are not the same for both
components. Therefore the existence of the internal tide at that station
is probable but not a certainty.
(b) Stations 108 and 144:
The expectancy test for these two stations showed clearly that
the resulting mean amplitudes of the semi-diurnal tidal components are
really due to the tidal action. The probability that they may occur in
random data are very small for both directions (east and north). Hence,
the existence of the internal tide is very certain at these two stations.
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(c) Station 163:
At both depths of this station, the test gave smaller probab-
ility of randomness for the east component than that for the north. This
is again due to the larger mean amplitude of the east component.
The values of "p" are not small enough to ascertain the exist-
ence of the suspected period. Therefore we might say that the obtained
amplitudes are due to random data rather than tidal action particularly
at the deeper level (Current Meter 1632 at 692 Meters).
(d) Station 164:
The probability is always greater than half that the amplitudes
found by the analysis are due to random fluctuations. The values of "p"
for both components are too large to regard the existence of a semi-diurnal
oscillation as established.
(e) Station 166:
For this station, the probability of randomness is not small
enough to assume the existence of the semi-diurnal tidal period in the data.
As shown in the vector displacement diagram at depth 617 meters of
this station (C.M. Film No. 1663), an inertial period of about 24 hour is
clearly indicated (Fig. 3). The agreement of this indicated period with
the local inertial period at the station (24.61 hours), in addition to the
fact that the existence of the semi-diurnal tidal period there is not certain
or probable, led us to carry out the analysis for the inertial period. The
data was therefore subjected to the harmonic and statistical analysis for
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inertial motion were obtained and compared to the corresponding values of
the semi-diurnal tidal motion in the following table:
C.M. Film No. 1663 - Depth 617 Meters
Amplitude (mm/sec) Phase (Degree) Kinetic Energy Percentage
Period
E N E N of the total K.E.
Inertial 55.29 45.32 214.90 298.40 1277.74 74.73%
Tidal 6.16 6.82 288.60 99.30 20.61 1.21%
It is clear from the above table that the inertial motion at that level
is predominant. It was also interesting to apply the expectancy test to the
inertial amplitudes to compare the results to that of the tidal motion. But
the data records were not enough to cover several inertial periods as the method
requires.
General conclusion can be made by correlating the amplitudes to the
corresponding probability of randomness. It was noticed that for larger
amplitude we get smaller probability of randomness, and therefore more confi-
dence is given in the existence of the tidal component.
(4) Results of the Statistical Analysis and Calculation of K.E.
Table (5) summarizes the results obtained by applying the statistical
analysis program.
Table (5)
Station C.M. Mean Vel. (mm/sec) Stand. Dev.* Variance (mm2/sec2 )  Total K.E. Tidal % of
No. Film No. E N E N E N (mm2/sec2 ) K.E. Total K.E.
101 1011 -23.10 69.62 107.06 110.54 11462.32 12219.86 11841.09 17.67 0.15%
1012 -21.25 92.11 68.09 66.87 4636.68 4471.02 4553.85 17.91 0.39%
108 1082 3.08 -10.71 77.27 77.45 5970.03 5998.21 5984.12 4097.43 68.47%
144 1442 -0.90 -31.73 107.66 166.73 11590.57 27798.80 19624.69 12750.00 64.74%
163 1631 53.28 5.61 33.44 53.08 1118.23 2817.58 1967.90 227.07 11.55
1632 45.66 5.15 32.43 47.64 1051.59 2270.04 1660.81 10.26 0.62%
164 1641 78.40 -29.82 45.48 42.34 2068.36 1792.62 1930.49 187.37 9.70%
1642 44.72 57.27 28.35 29.27 803.55 856.84 830.20 41.32 4.97%
166 1661 2.63 167.70 49.35 40.14 2434.99 1611.06 2023.03 72.00 3.56%
1663 -31.78 27.37 41.78 40.61 1745.39 1649.11 1697.25 20.61 1.21%
* In mm/sec.
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As the standard deviation is a measure of the degree of dispersion
in a series of data, we find from table (5) together with table (4) that
the large values of the standard deviation correspond to large values of
the probability of randomness as might be expected.
On the other hand, table (5) shows the percentage kinetic energy, due
to the tidal component, of the total kinetic energy due to all fluctuations
in the ocean. From this percentage we can estimate the amount of kinetic
energy attributed to (or associated with) the tidal movements. It is clear
from tables (5) and (2) that we get large percentages of K.E. with large
tidal amplitudes which in turn correspond to small probability of randomness,
giving confidence in the existence of the tidal period. For example, the
tidal kinetic energy percentage for two series of data 1082 and 1442 where
we find the largest amplitudes and the smallest probabilities of randomness
are 68.47 and 64.74% respectively. And, as we mentioned in part (3) of this
discussion the occurrence of the internal tide for these particular series
of the data is more certain than for the other series where we find the
percentage ranges between 0.15 and 11.5%.
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CONCLUSIONS OF SECTION (I)
The preceding analyses investigated harmonically and statistically
the amplitude of the semi-diurnal tidal component of the current. From
the results obtained, one can come to the following conclusions:
(1) The tidal amplitude is larger for shallower stations and smaller
for deeper stations. This agrees theoretically with the principle of con-
servation of mass and is consistent with results given by SVERDRUP (1942)
based on simple oceanic model in which friction and the earth's rotation
are disregarded.
(2) The amplitude and phase of the tidal current are not the same
at two different depths of the same station. The amplitude was found to
be decreasing with depth.
(3) The ratio between minor and major axes of the tidal current
ellipses, i.e., the ellipticities, do not agree with theoretical values
suggested by SVERDRUP.
(4) Since the tidal current due to the external tidal action should
have the same amplitude and phase at all depths from the surface downward,
except very near the bottom (BOWDEN, 1954). therefore from conclusions (2)
and (3) it appears that part of these variations are due to internal waves
of tidal period rather than being due to pure external tide. The vertical
movements being necessarily associated with horizontal currents, which are
superimposed on the normal tidal current.
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(5) The statistical test represented by the expectancy method
showed reasonable certainty of occurrence of the concluded internal
tides in some cases. Records at two stations (108 and 144) showed that
the existence of the semi-diurnal internal tide is very certain, and that
the amplitudes obtained by the analysis are due to tidal action. The
amplitudes in these cases are quite large. For two other stations (164
and 166), the probabilities that the semi-diurnal tidal amplitudes are due
to reandom data are large. Thus it must be concluded that the semi-diurnal
period is not present in these data. The last two stations showed a mixed
case in which it was found that the occurrence of internal tide is probable
in one direction (east or north) but not in the other.
(6) The phenomenon of internal waves with periods of the tide
generating force, designated briefly as "Internal Tides" occurs not only
in shallow seas and straits but also in the open sea as well, in agreement
with DEFANT's statement (1950).
SECTION (II)
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FURTHER INVESTIGATION OF THE INTERNAL TIDAL WAVES
On the basis of the previous study on the amplitude variability with
depth, and on the tidal wave velocity, it was concluded that the variations
observed in some of the presented material are partly due to the existence
of internal waves with tidal period (internal tides). To further substanciate
this conclusion, the hydrographic data at the locations of the stations where
the current measurements were taken should be studied.
It is a basic fact that internal waves can exist only in water where
a vertical density gradients exist, i.e., in stratified fluids. Vertical
gradients in density may be caused by temperature or salinity, or both. In
the sea, measurements of temperature are commonly used to establish the exist-
ence of density gradients since they are easily accomplished, and the tempera-
ture and salinity gradients usually coincide. In addition the salinity gra-
dients are normally small (LAFOND, 1962). Therefore by studying the tempera-
ture structure at any location we can determine the regions of the steepest
density gradients. At these regions, internal waves could be easily developed.
An attempt was made to investigate the stratification conditions using
the hydrographic measurements taken at the stations when they were available.
For stations 179 and 184, hydrographic data were taken at station "D" in the
same season. For stations 144, 163, 164, and 166 hydrographic information is
available from the Atlantic Ocean survey during the IGY in 1958 (FUGLISTER,
1960). For the rest of the stations no information is available.
Although the available information were not taken at the same time with
the current measurements, but they still give us an idea about the stratifica-
tion at the station.
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Some of the temperature structures showed large density gradients and
hence regions of strong stratification. Internal waves were assumed to
existthere.
The following table summarizes the results of this investigation.
Station No. Level of Measurement Stratification Condition
144 30 m Strong stratification
163 192 m Reasonable stratification
692 m Strong
164 192 m Reasonable
692 m Strong
166 55 m Mixed layer
617 m Strong stratification
179 64 m Mixed layer
184 120 m Reasonable stratification
522 m
The lack of hydrographic information at the other stations prevents the com-
pleteness of the investigation. However, it might be concluded that it is
possible to have internal tidal waves if:
(a) The tidal periodic variations prove to exist with a reasonable degree
of certainty, and
(b) The stratification condition permits the development of internal waves.
A good example in which both conditions are satisfied is station 144.
The temperature structure showed a region of a very strong stratification at
the level of measurement. The harmonic analysis gave large tidal amplitude
at the station, and the expectancy test ascertains its existence as due to
tidal effect and not torandom data. Therefore it might be concluded that
what we observed at this station were internal tidal waves.
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THE PERIODOGRAM ANALYS IS
The periodogram analysis described by WHITTAKER and ROBINSON (1926)
was applied here with some simplification. In theory the periodogram is
plotted as a curve in which the period lie along the abscissa and the cor-
relation ratio along the ordinate. But in the practice of periodogram
analysis, when no great accuracy is required, a simplified method is used.
In this simplification one plots the period against the corresponding
amplitude of oscillation. The resulting curve is the periodogram. When
the phenomenon studied contains a simple periodic motion of period "T",
superimposed on other disturbances which might be aperiodic or periodic
but of different period, and the periodogram is computed from large number
of observations containing a large number of multiples of the period "T",
then the periodogram curve will show a peak at the period "T" flanked by
smaller peaks on both sides.
The periodogram analysis is mainly based on Fourier analysis which
computes the amplitudes and phases of different harmonics which differ in
frequency by as small an increment as possible.
A computer program can be written to perform the periodogram analysis
in an efficient way.
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COMPUTER PROGRAMS FOR PERIODOGRAM ANALYSIS
The program is basically a Fourier analysis program analogous to
that of the harmonic analysis described in section (1) of this thesis.
The only difference is that the order of the harmonic varies as we compute
different harmonics with different frequencies.
The analysis is usually concentrated on a certain period which is
suspected to exist in the data to be analysed. In our study the semi-
diurnal (S.D.) tidal period was chosen for a concentrated analysis since
it is the tidal period with the largest theoretical amplitude and since
the previous study indicated its existence in the current data. For these
reasons, data lengths were chosen for analysis so as to very nearly coincide
with integral multiples of the S.D. period T = 12.4206 ..... hours. This
effort is made to have the S.D. period fall as nearly on a Fourier grid
point as possible. Data lengths were chosen such that N = n (12.4206) where
"n" is as nearly integral as possible.
Then in determining the amplitude and phase of the tidal current,
we make use of Fourier's theorem in its simplest form. Let the east and
north component of current, digitized at intervals "At", be X(t) and Y(t) ;
t = 0, At, 2At, ----- , (N-1) At where "N" is the number of data points
available. Then if
N-12 2 7r n (sAt)
an =N Xs cos
N N At
s=O
N-2 N
bn = 2 N- sin 2lTn(sAt) n = 1,2,-----, ( 1) (25)
Ns N At
s=0
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then the east harmonic component is given by
N
-- 12
x=
n=l
2 tnt 2 Ir nt
a cos + b sin ; t = 0, 1, ----
n N n N , N-I
(26)
for a zero-mean process, with similar expression for the north component.
Equation (26) can be rewritten as:
N
-- 12
X=
n=l
A cos 2nt - 0 n ]  where
n N n
A = (a 2 + b )
n n n
0 
= arctan (b /a )
n n n
(27)
If we have properly chosen N, there will be some "k" such that
N (Lt)
T = k = 12.4206 ... the period of the semi-diurnal tidal current,
and we can identify Ak and 0k as the amplitude and phase of the observed S.D.
tidal current in the form:
X(t) = Ak cos( 2kt k) ; t = 0, 1,---- N-1 (28)
with similar expression for the north component. The phase is with respect
to the arbitrary time origin.
A computer program was written to follow the above mathematical steps.
It gives for each harmonic the frequency, the corresponding period, the
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amplitude, and the phase. When the number of harmonics is chosen we try to
cover as wide range of frequency as possible with the S.D. frequency (the
kth harmonic) at about the middle of the range.
Another program was written for plotting the periodograms on the
CAL COMP Plotter unit of the computer.
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STUDY OF VARIATIONS OF THE TIDAL AMPLITUDE AND PHASE
(1) Procedure of the Study
As a result of performing the periodogram analysis, a periodogram curve
is obtained showing the amplitude corresponding to each frequency which lies
in the studied frequency range. From the resulting periodograms. the varia-
tions of the tidal amplitudes are studied. These are investigated from two
points of view: (a) variation with depth, and (b) variation with time. For
this purpose, the data were classified into two groups.
Group (A): to study the variation of amplitude and phase with depth. This
group consists of the data series which are of relatively short
duration but available at two levels. Periodograms obtained at
the two levels might be drawn on the same graph to enable us to
study the amplitude variation with depth. The stations included
in this group are: 144, 163) 164, and 166.
Group (B): to study the variation of amplitude and phase with depth and time.
This group includes the data series of long duration (of order of
months) and at the same time are available at two levels (or more).
Such data series could be divided into several consecutive inter-
vals covering as many tidal periods as possible. For each interval
a periodogram is obtained. Some of these periodograms might be
drawn on the same graph to follow the variations occurring from
one interval to another. After obtaining the amplitude and phase
of the period of interest for the consecutive intervals, curves
could be drawn demonstrating the time variation of both amplitude
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and phase. The same procedure is repeated for the data series
at the other level (or levels) available which enable us to
compare the resulting periodograms and describe the variations
with depth. Stations included in this group are: 101, 179,
and 184.
(2) Limits of Error and Noise Level Investigation
In order to investigate the significance of the computed amplitudes
and phases obtained by the periodogram analysis, the level of noise present
in the data should be examined. The calculation of the level of noise in
the background of a peak enables us to estimate the error limits for the
magnitude of amplitude and phase.
Let A be the calculated amplitude at a particular frequency at which
c
we have a peak. The amplitudes of six harmonics around the peak (three on
each side) are averaged giving the noise around the peak "n". The unbiased
amplitude is then given by:
A =(A 2 - n2
c
n
and the error limits due to the noise are + -
Therefore an approximate expression for the true amplitude will be:
A = (A2 n2 ) + (29)
c -
For the phase:
Let 0 be the calculated phase in degree, then an approximate expres-
sion for the true phase will be:
0 = 0 + sin-i ( ) (30)
c- A
c
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RESULTS FROM THE PERIODOGRAM ANALYSIS
In the following we present graphically the results obtained from the
two groups of data, and discuss each station separately. Then we proceed
to further discussions and conclusions.
(1) Results from Group (A) Stations
(a) Station 144:
The periodogram for the data of C.M. 1442 at 30 m depth shows a very
pronounced peak at frequency 0.08 cycle per hour (c.p.h.) corresponding to
the semi-diurnal (S.D.) tidal period in both the east and north components
of the tidal current with resultant amplitude 22.47 + 2.92 cm/sec. The east
component shows another peak at the diurnal period while the north component
shows another peak at a period very close to the local inertial period. These
two peaks are too small to be regarded as statistically significant. This
result is in good agreement with the vector displacement diagram shown in
Fig. (2) which clearly indicates periodic motions of S.D. period and with the
conclusion from the expectancy test in section (I).
(b) Station 166:
The periodogram for the data of C.M. 1663 at 617 m depth shows some
features distinct from those of station 144. The pronounced peak is at a
frequency corresponding to the local inertial frequency. The peak at the
S.D. tidal period was smaller than the inertial peak but still stands over
the noise level indicating the existence of a S.D. tide but with smaller
amplitude (1.16 + 0.79 cm/sec) than that of the inertial frequency.
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This result is also in good agreement with the vector displacement diagram
in Fig. (3), the expectancy test, and the comparative statistical study
between the inertial and tidal motions at this station (given in section I
on page 37).
(c) Stations 163 and 164:
For these two stations, data at two levels (192 and 692 meters) were
analyzed. A pronounced peak at the semi-diurnal tidal frequency was found
at the shallower level. At the deeper level, the S.D. tidal amplitude dimin-
ishes to a great extent and another peak of amplitude larger than the S.D.
amplitude at that level appears (see figures). The frequency corresponding
to this new peak is between the inertial and the diurnal frequencies and
closer to the second. It is also noticeable that this new peak for data 1632
has equal amplitude for the east and north components of oscillation suggest-
ing that the current orbit is circular, thus having the character expected
of pure inertia oscillations. One might therefore comes to a conclusion that
this peak corresponds to inertial motions. Motions in an inertia circle have
been shown to be quite real in natural situations where there is a sudden
impulse generating fluid motion (VON ARX, 1962).
In a case like this in which two periods are found to be so close
together that the corresponding peaks overlap, it would be desirable to
repeat the analysis with higher degree of resolution in order to diminish
the breadth of each peak and so bring the two peaks clear of each other.
However, for the purpose of this study, it will be suffice to determine
accurately the S.D. tidal peak in which we are particularly interested.
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Since we cannot distinguish the inertial from the diurnal oscillation, the
other peak will be generally considered as the sum of the pure inertial and
the diurnal tidal oscillations and will be called here "Inertial-Diurnal"
peak.
(2) Results from Group (B) Stations:
(a) Station 101:
The data series at the two levels of measurement (50 and 100 m) were
divided into 12 consecutive intervals each covering a period of 6 days, 17 hrs,
and 20 min. Periodograms for the first four intervals are presented here.
Since the other eight intervals gave similar periodograms they are not plotted
here. Instead a curve showing the change of the S.D. tidal amplitude with time
is given for each level.
The periodograms at both levels show a dominant peak at a frequency
corresponding to about a 23-hour period, but these peaks have different
amplitudes. At 50 m depth, the peak is about twice as great as at 100 m.
However, the reason for this 23-hour period is debatable. It might be due
to the diurnal tidal period or a diurnal component in the wind stress, or
inertial motion. But we again cannot distinguish inertial motion from diurnal
tide motion.
At the S.D. tidal frequency, small peaks were observed at both levels.
Although these peaks are small, they stand above the noise levels. At 50 m,
the peak has an average resultant amplitude of 2.46+1.86 cm/sec; at 100 m,
the average resultant amplitude is 1.57+1.28 cm/sec. This shows that the S.D.
tidal amplitude is decreasing with depth.
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(b) Station 179:
This is one of the data series obtained at station "D". The data was
divided into 9 consecutive intervals each covering a period of 2 days, 1 hr.,
and 45 min. The periodograms of the first four intervals are presented.
They show a dominant peak at the S.D. tidal frequency. Another peak appears
in the periodogram of the second interval only at a frequency close to the
local inertial frequency but it diminishes in the next intervals.
(c) Station 184 (Station D)
The data series at the shallower level (120 m) was divided into 7 con-
secutive intervals. The data at the deeper level (522 m) was divided into 9
intervals. In both cases each interval covers a period of 5 days, 4 hrs.,
and 15 min. Four of the periodograms obtained are presented, and an accompanying
curve shows the variation of the amplitude with time over the whole period for
each data series.
The periodogram at the shallower level shows a dominant peak at the
S.D. tidal frequency with average resultant amplitude 6.17.±2.54 cm/sec. This
peak is diminished at the deeper level but still appears above the noice level
with average amplitude 1.03+0.83 cm/sec. While the S.D. peak is diminished, a
peak corresponding to the local inertial frequency appears to be predominant
at that level. This agrees quite well with the change of amplitude with depth
observed in the periodograms for group (A) stations.
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TABLE (6)
Station Current Depth Average Velocities (cm/sec) Estimated Tidal Emplitude Tidal Phase (hours)
Group No. Meter No. (m) East North Result. Direction (cm/sec) East North
144 1442 30 0.12 -4.15 4.16 S-E 22.47+2.92 6.69±2.92 5,06+0.25
163 1631 192 5.34 0.87 5.41 N-E 2.48+1.17 7.99+0.70 4.27+0.59
A 1632 692 4.56 0.73 4.62 N-E 0.27±0.79 -4.94+1.76 1.38+0.99
164 1641 192 8.23 -2.79 8.69 S-E 2.66+1.23 -8.47+1.09 3.16+0.67
1642 692 4.59 5.71 7.33 N-E 1.11+0.70 -8.36+0.96 -7.70+1.36
166 1661 55 -0.43 16.38 16.39 N-W 1.52+2.14 1.04+1.33 11.52+
1663 617 -2.93 2.84 4.08 N-W 1,16+0.79 1.40+0.97 -6.27+1.38
101 1011 50 -2.47 6.87 7,30 N-W 2.46+1.85 See tables
1012 100 -2.50 9.05 9.39 N-W 1.57+1.28 (7), (8), and (9)
179 1791 64 -8.60 0.14 8.60 N-W 4.37±3.43 for the value of
B
184 1841 120 -3.54 1.74 3.94 N-W 6.17+2.5414 tidal phase
1842 522 -3.56 0.36 3.57 N-W 1.03±0o84
*Tidal amplitude averaged over the intervals.
, -1
Extreme error. (In equation (30): Sin (n/A ) is greater than 1).
c
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TABLE (7)
Station 101
Interval Epoch
1011 (50 m) 1012 (100 m)
No. (1962)
E. Phase N. Phase E. Phase N. Phase
1 Oct 10-Oct 16 7.09+** 2.13+2.28 -1.57+1.22 -2.74+2.21
2 Oct 16-Oct 23 9.31+0.90 5.14+1.81 6.73+** 9.29+1.70
3 Oct 23-Oct 30 -1.68+** 4.02* -2.19±1.02 5.62**
4 Oct 30-Nov 6 -2.63+1.14 -2.54+** -1.00+0.97 9.05+1.05
5 Nov 6-Nov 12 0.21+1.69 -1.70+1.62 3.51±1.40 -0.52+0.91
6 Nov 12-Nov 19 -1.92+1.47 8.44+1.25 1.50+ 1.88+
7 Nov 19-Nov 26 3.79+0.37 -0.65+1.11 4.73+0.87 -0.07+1.25
8 Nov 26-Dec 3 6.96+1.23 -1.53+0.89 8.20+0.78 10.29+1.43
9 Dec 3-Dec 9 7.76+1.54 8.95+1.33 8.45+2.19 0.56+0.88
10 Dec 9 -Dec 16 6.15+0.91 1.23+0.91 6.69+ 1,77+0,58
11 Dec 16-Dec 23 7.31+0.86 4.88+1.01 0.23+ 0.99+
12 Dec 23-Dec 29 0.18+0.63 -0.37+0.79 5.99+** 0.45+1.52
Phases are in lunar hours.
Extreme noise (In equation (30): Sin- (n/Ac ) is greater than 1).
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TABLE (8)
Station 184
Interval Epoch 1841 (120 m) 1842 (522 m)
No. (1965) E. Phase N. Phase E. Phase N. Phase
1 Jun 24-Jun 29 7.98±0.83 4.08+0.66 8.79±1.19 4.92±2.24
2 Jun 29-Jul 5 6.88±0.74 2.99±0.70 -1.47± 0.76+
3 Jul 5-Jul 10 9.61+0.48 6.62+0.65 6.37+1.07 3.28+0.63
4 Jul 10-Jul 15 10.51+1.05 7.33+0.79 9.31+0.69 4.57+1.50
5 Jul 15-Jul 20 9.54±0.79 6.81±0.61 8.94+ 3.79+
6 Jul 20-Jul 25 7.41+0.50 4.59+0.60 8.44+2.27 3.14+
7 Jul 25-Jul 31 8.68+1.10 4.65+1.56 10.73+1.19 7.06+
8 Jul 31-Aug 5 10.52± 5.29+ 10.07+0.98 6.15+0.92
9 Aug 5-Aug 10 9.25+0.86 6.59+0.99
10 Aug 10-Aug 15 11.44+1.02 7.28+1.48
Phases are in lunar hours.
t* -1
Extreme noise (In equation (30): Sin (n/A ) is greater than i).
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TABLE (9)
179
Interval Epoch 1791 (64 m)
No. (1965) E. Phase N. Phase
-3.23+1.15
-2.20+0.80
-0.02+0.89
1.48+**
-2.43+0.47
-14.27+0.88
-15.65+1.62
-4.22±0.71
-3.10+1.95
-6.07+1.44
6.60+0.46
9,02+0.74
-3.39+**
1.40+2.15
-6.34+0.83
-15.55+
-8.35±1.31
7,98+
Phases are in lunar hours.
-1Extreme noise (In equation (30): Sin- (n/A ) is greater than i),
c
Feb
Mar
Mar
Mar
Mar
Mar
Mar
Mar
Mar
28-Mar
2-Mar
4-Mar
6-Mar
8-Mar
11-Mar
13-Mar
15-Mar
17-Mar
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DISCUSSIONS AND CONCLUSIONS OF SECTION (II)
(1) On the Tidal Amplitude
Change of Amplitude
(a) With depth:
From the results presented in this section from the periodogram
analysis, (see Figures and Table 6) it is found that the S.D. tidal
current varies with depth. It is of larger amplitude at the shallower
levels of the ocean. It diminishes at deeper levels, but still exists
at depths as great as 700 meters.
One possibility of explaining this variation with depth derives
from internal wave with nodes in the vertical direction. We might there-
fore find a maximum amplitude at a certain depth and a smaller (or minimum)
amplitude at another depth if this depth is near (or lies on) a node.
To prove this possibility we need measurements from an array of current
meters suspended close to each other in one deep mooring.
(b) With time:
Amplitudes resulting from the analysis of consecutive intervals
of data series showed noticeable change from one interval to another.
Time variation of the S.D. tidal amplitude is represented for each data
series by the curve appearing with its periodogram. The ordinary baro-
tropic tide does not exhibit such variations. Therefore, it is unlikely
that these motions are directly driven by the barotropic tide. Changes
of the deep thermal structure with time could explain the amplitude-time
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variations. The motion of the vertical thermal structure is therefore
a possible mechanism which generates these observed variations.
Another possible mechanism derives from wave concepts. Since we
are dealing with wave motion with nodes in the vertical, we might there-
fore expect that two wave trains interact constructively and destructively
to produce different modes of oscillation, yielding the local amplitude
change of the observed wave.
(2) On the Tidal Phase
The phases result from the analysis by equation (27) are with respect
to the arbitrary time origin at the beginning of the data series. These
phases are then referred to the phase of the equilibrium tide at the location
and time of measurement. Values of the equilibrium phases for the major
tidal components at 0000 hr on each day at Greenwich are published in advance
(Manual of Harmonic Analysis and Prediction of Tides) to be used in tidal
analysis. The values obtained are then adapted for the local time of obser-
vation and the local longitude where the data were collected. The obtained
phases (in degrees) are then divided by the angular speed of the tidal com-
ponent, say the S.D. tidal component (angular speed = 28.9841 degree per
hour), giving the phase in lunar hours.
Change of Phase
(a) With depth:
From the analysis, it was noticed that for the same interval of time,
the S.D. tidal current shows different phases at different levels of a station
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(see Tables 7 and 8). Data of stations 101 and 184 were adequate for
studying this change. For each interval of the data, the phase differ-
ence between the two levels was calculated, averaged and given in hours.
Standard deviations are then calculated for the average phase differences
to show their statistical significance. Table (10) shows the results of
this study.
Table (10)
Station Number 101 184
Vertical Dist. between C.M's 50 meters 402 meters
S.D. Tidal Components East North East North
Average phase difference 0.01 1.21 1.24 1.09
between levels (in lunar hrs.)
Standard deviation (hrs.) +6.10 +3.86 +3.07 +2.02
For station 101, the east component of the tidal current shows average
phase difference 0.01+6.10 hrs., the north component: 1.21+3.86 hrs. over
a vertical distance of 50 meter.
For station 184, the phase differences are 1.24+3.07 and 1.09+2.02 hrs.
for the east and north components respectively over a vertical distance of
400 meters.
The phase difference between levels is not - in any case - a whole
period of a S.D. tidal wave (+12.42 hours). Hence it is thought that these
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differences in phase are due to different density structures at levels.
An internal wave depends mainly on the density structure of the fluid.
(b) With time:
Investigating the time variations of the tidal phase is one of
the main goals of this study. It is shown from the analysis presented
here that the phase of the tidal current varies with time indicating
phase shifts.
Figure (18) represents the phase fluctuations over the time interval
of the analyzed data of stations 101 and 184. For station 179, the fluctua-
tions are presented with its periodogram Fig. (17). Values of the phase
of each partial interval of these three data series are tabulated in Tables
(7), (8) and (9). The error limits due to noise are also given. The results
suggest that these fluctuations are not caused by random noise.
We do not find these fluctuations for the ordinary tide. We may be
able to explain these fluctuations in terms of internal tidal wave motion.
Suppose an internal tidal wave of semi-diurnal period is generated
at the coast and propagates toward one of the stations. Any change in the
oceanic conditions or currents in this part of the ocean could cause the
tidal waves to arrive at different phases. For example, station 101 is on
the oceanic side of the Gulf Stream, therefore any change of the strength
of the stream will cause the phase of an internal tidal wave to change
considerably on crossing the stream. Waves in deep water are subject to
refraction when crossing currents. There is a tendency for waves having
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a component of motion against the current to be refracted into a stream,
while those having a component of motion with the current to be turned
aside. These effects if they are acting on an internal tidal wave can
produce appreciable change in the tidal phase when it is observed in the
surrounding waters of an oceanic current like the Gulf Stream in the
Atlantic (VON ARX, W.S., 1962).
Another possible causative factor could be the variations in the
density structure which will affect the wave propagation and hence the
phase. However, the biggest changes of density are seasonal while the
observed fluctuations of the phase are not seasonal but rather rapid
changes occurring between one interval of a few days and the other. If
there are such rapid changes in the density structure in the ocean, this
explanation might be accepted. Otherwise, it seems that the effects of
the rapid changes in the Gulf Stream (VON ARX, 1962 - p. 339) and its
fluctuations described by STOMMEL (1960) in his book "The Gulf Stream"
would be a reasonable explanation for the phase variations of the tidal
wave.
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